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Abstract. The possible maximal mixing seen in the oscillations of atmospheric neutrinos has led to the pos-
tulate of p—7 symmetry, which interchanges v, and vr. We argue that such a symmetry need not be special
to neutrinos but can be extended to all fermions. The assumption that all fermion mass matrices are ap-
proximately invariant under the interchange of the second and the third generation fields is shown to be
phenomenologically viable and has interesting consequences. In the quark sector, the smallness of V,,;, and
V. can be consequences of this approximate 2—3 symmetry. The same approximate symmetry can simultan-
eously lead to a large atmospheric mixing angle and can describe the leptonic mixing quite well. We identify
two generic scenarios leading to this. One is based on the conventional type-I seesaw mechanism and the
other follows from the type-II seesaw model. The latter requires a quasi-degenerate neutrino spectrum for
obtaining large atmospheric neutrino mixing in the presence of an approximate y—r symmetry.

PACS. 12.15.Ef; 14.60.Pq; 11.30.Er; 11.30.Qc

1 Introduction

The vastly different mixing patterns [1-5] of quarks and
leptons have been used as an argument in favor of spe-
cial leptonic symmetries such as y—7 interchange [6—34],
L.—L,~L. [35-46] , D4 [47-49], A4 [50—-64] symmetry, etc.
These symmetries lead to large or maximal mixing angles,
seen in the leptonic sector. It is interesting to ask if any
of these symmetries are purely leptonic or if they can be
extended to describe the quark mixing as well. Any such
symmetry will have to explain a small mixing for quarks
and simultaneously large mixing among leptons. We argue
that a generalization of the y—r symmetry (to be called 23
symmetry) that interchanges the second and the third gen-
eration fermionic fields provides such an example. This 23
symmetry appears to be more natural in the quark sec-
tor. In the 23 symmetric limit, the elements V,; and V,
of the CKM matrix V are zero and their small and hier-
archical values can arise from its breaking. In the leptonic
sector, the exact 23 symmetry leads to a completely wrong
prediction, namely a vanishing atmospheric mixing angle.
We discover that this can be avoided and an approximate
23 symmetry broken at the few % level can explain lep-
tonic mixing if the neutrino spectrum is quasi-degenerate.
Even without degeneracy, the approximate 23 symmetry
at the Lagrangian level can lead to correct understand-
ing of the leptonic mixing in case of the type-I seesaw
mechanism for large ranges in parameter space, which we
identify.
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2 23 symmetry and quark mixing

Let us first elaborate on the well-known [6-29] conse-
quences of the pu—7 symmetry. The light neutrino mass ma-
trix M, is restricted to the following form in the presence
of this symmetry:

X, A, A,
A, B, C, | . 1)
A, C, B,

M, =

This form leads to a maximal atmospheric mixing and zero
U.s if it is assumed to be true in the flavor basis. In the
same basis, the charged lepton mass matrix is diagonal
and consequently it is not invariant under the y—7 symme-
try, which would have implied m, = m.. It is possible to
imagine a larger symmetry (e.g. Dy [47—49]), which when
broken leads to the above form for M, in the flavor ba-
sis. In this case, the y—7 symmetry appears to be only an
effective neutrino symmetry.

It is important to stress that the y—7 symmetry by itself
does not force equality of the muon and tau masses. To see
this, let us simultaneously assume that both the charged
lepton mass matrix M; and M, are u—7 symmetric and
have the form! given in (1). In this case, the muon and
tau masses are different, but now the 23 mixing angle for

L The 2-3 symmetry does not automatically imply the form
given in (1) for M, unless it is assumed to be symmetric. This
assumption can easily be realized in the context of GUT such as
SO(10) which commutes with the 2-3 symmetry.
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the charged leptons is also maximal. As a consequence, the
neutrino and the charged lepton mixing angles cancel, and
one gets a vanishing atmospheric mixing angle. In either
case, the py—7 symmetry does not appear to be an exact
symmetry in the leptonic world.

In contrast to leptons, the 23 and the 13 mixing angles
are indeed small for quarks. This suggests that a general-
ized pu—7 symmetry may be a good symmetry for quarks
rather than for leptons. Let us then postulate that the
quark mass matrices are symmetric and display an ap-
proximate 2-3 symmetry. Later on we will discuss situ-
ations in which this assumption can be extended to the
leptonic masses as well. An approximate 2-3 symmetry
dictates the following form for a symmetric fermion mass
matrix My:

Xy Ap(L—e1p) Ar(1+eryp)
Ap(L—e1y) Br(1—e2y) Cy - (2
Af(1—|-€1f) Cf Bf(1+€2f)

My =

The dimensionless parameters €172y break the 2-3 sym-
metry and are assumed to be <« 1. These two parame-
ters are sufficient to describe the most general 2-3 break-
ing [23-29] when the fermion mass matrices are symmet-
ric.

Let us first consider the symmetric limit, assuming all
parameters in (2) to be real. All the eigenvalues of My are
distinct and are given by

1
miy = 3 [Bf + Cf +Xf — ((Bf + Of — Xf)2 + SAJ%)l/Q} ,
1
mas =3 By +Cy+ Xp + ((By + Gy — Xp)* +847) 7]
msy = By —Cj . (3)
We will assume the hierarchy |mi¢| < |maf| < |msy| and

associate the fermionic states accordingly to these eigen-
values. The My can be diagonalized by a matrix V}O:

V) = Ros(7/4) R1z(125) - (4)
As aresult, one gets in the symmetric limit
Vo = V."Vi = Riz(0c). (5)
with
Oc = 0124 — b12u -

It follows from (5) that the 2-3 symmetry automatically
leads to vanishing V., and V. This remains true even if
My is complex. The Cabibbo angle and the quark masses
are not restricted by this symmetry. The Cabibbo angle
can be constrained by imposing an additional discrete sym-
metry D, defined by
fiL—ifin;  fir — —ifir. (6)
This symmetry forces Ay and Xy in (2) to be zero. The Ay
term breaks this symmetry by one and Xy by two units

(of i). By and Cj are invariant. It is thus natural to as-
sume that D breaking (by some flavon field) can lead to
a hierarchy | By, Cr| > |Af| > | X¢|. This hierarchy leads to
Ay ~ O(,/mismay) and the celebrated relation [65, 66]

O~ |t [ (7)
Mg Me

More precisely, one needs

|X;| < |V24¢| < | By + Cf| < | By — Gy, (8)

for f =u,d in order to get (7) and the hierarchical masses.
It follows that an approximately broken D and an exact
2-3 symmetry leads to (7) and vanishing V,,; and V. Sub-
sequent breaking of the 2—-3 symmetry can then induce the
latter quantities.

While both €7 and €25 could be present in a model, we
consider here one parameter breaking for all My and as-
sume that only e is non-zero. It is straightforward to add
the effect of €1 y. We will also take all parameters to be real.

The non-zero €3, and €54 are sufficient to generate the
required values of V,,; and V3. The My can be diagonalized
in the limit specified in (8) as follows:

VfTMfo = Diag.(m1s, maf, msy),

with

1
msf ~ Bf —Cf <1+ 5053f> y

L, )2
meQBf‘FCf 1+§023f +m2f y

242
miy R Tmag 9)

where f = u, d. The mixing matrix is given as

V; = Ro3(m/4)Ras (0235 ) R13(013f) R12(012f) ,  (10)
with
Oon s o €27 By ~_ef
S AN YoN 2’
—-m
O12f ~ \/ h
mayf
m
013f ~ —2f012f923f . (11)
msyf
This leads to
Vep = 023q — 0234, ,
Vb = 0134 — 0134 + 0120 (0230 — B230) ~ 012, Ver  (12)

and (7) for V,,s. Keeping a grand unified picture in mind,
we assume that the My in (2) is defined at Mgur ~
10'6 GeV and require it to reproduce the parameters in
the quark sector at that scale. For definiteness, we choose
the MSSM and quark masses corresponding to tan 5 = 10
given in [67].
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It follows from (12) that a few percent breaking of the
2-3 symmetry can reproduce the observed mixing quite
well for several choices of parameters in My. For illustra-
tion, we give one specific choice, which is a typical phe-
nomenologically consistent example:

€2y = —€2q "~ 0045 3

—0.003 0.0054
0.0054 0.49
0.00564 —0.54

0 0.0084
0.0084 42.74
0.0084 —41.06

0.0054
—0.54 |,
0.54

0.0084
—41.06
39.055

(13)

These mass matrices lead to the mixing angles |V,s| =
0.221, |[Vip| 2 0.044 and [Vp| &~ 0.0026. These values are
in approximate agreement with the high scale estimates
|Vius| ~ 0.223-0.226, | Vep| ~ 0.029-0.038 and V,, ~ 0.0024—
0.0038 as given for example by Matsuda and Nishiura [30—
34]. This agreement can be improved by switching on a
small ¢;. The approximate 2-3 symmetry of the quark
mass matrices is apparent in (13).

3 23 symmetry and leptonic mixing

As argued above, the exact y—7 symmetry leads to vanish-
ing #s3. This situation can change in the presence of even
a small symmetry breaking. In this section we identify two
scenarios in which a small y—7 breaking in the Lagrangian
leads to the appearance of a large, almost maximal at-
mospheric mixing angle. In the first scenario M; and the
effective neutrino mass matrix M, are simultaneously p—7
symmetric. This can happen if M, originates through an
approximate 23 symmetric coupling with a Higgs triplet.
This assumption can lead to large neutrino mixing pro-
vided neutrinos are quasi-degenerate. If the type-I seesaw
is operative, than it is more natural to impose (approxi-
mate) 23 symmetry on mp and Mg rather than on M, as
they originate from the basic couplings in the Lagrangian.
M, is a derived quantity, which needs not even be ap-
proximately 23 symmetric even when mp and Mg show
this symmetry approximately. In this case, one can get a
phenomenologically consistent picture with the hierarch-
ical neutrino masses. We discuss these two cases in turn.

3.1 Quasi-degenerate neutrinos

Let us start with the general form (2) for M; and M, and
assume that the A, ; are small parameters as in the case of
quarks. Concentrate first on the lower 2 x 2 block of (2). Its
diagonalization gives

er — (w) cos 203

(14)
mof+msf

f =1,v above and tan 2523f = 52(;—% correspond to the 23

mixing angle for f. This equation gives a clue to obtain-
ing approximate 23 symmetry simultaneously for M; and
M, and avoiding the vanishing of the atmospheric mixing
angle. The approximate 2-3 symmetry requires ez, €31 <K
1. For the charged leptons, a small €; necessarily means
0231 ~ T in (14), since m,, substantially differs from m. In
contrast, for neutrinos a small ez, can be realized either
with a large 623, or with msg, ~ mg,. The latter case will
correspond to a large atmospheric mixing angle. It follows
that in the case of the quasi-degeneracy, there exist ranges
in the parameters corresponding to approximately 23 sym-
metric M; and M, and large atmospheric mixing arising
due to a small 653, and almost maximal 053;. All three
neutrinos are required to be quasi-degenerate in order to
obtain a simultaneous explanation of the solar and atmo-
spheric neutrino scales. In particular, m,, and m,, would
need to have the same sign to make €s,, small.

The 2-3 symmetry can be exact in M; while it needs to
be broken by M,,. The amount of the required breaking is
quantified using (14):

My — My

~
~

~0.08, (15)

|€2V| ~

Ag
4m(2)

My, + My
for the atmospheric scale
Ay ~3x1073eV?

and the quasi-degenerate mass mg ~ 0.1 eV. This value is
not very different from the symmetry breaking that was
required in the quark sector.

In order to analyze the leptonic mixing in the full 3 x 3
case, let us assume that M; is 2-3 symmetric and go to the
basis with a diagonal M;. In this basis, the neutrino mass
matrix assumes the form

My j = Riy(6121) Ry (m/4) M, Roa (/4) Ri2(6121) 16)

The 6019; denotes the e—y mixing, which, in analogy with

the quark case, will be assumed to be small, 19 ~ ZL”Z
Neglecting its effect, M, s is approximately given by
X, V24, 0
Ml’f ~ \/iAv Bz/ +Cl/ 621/B1/ (17)

0 62VBV BV - Ol/

M, ¢ is diagonalized by the PMNS matrix [68,69] U as fol-
lows:

UTMVfU = Diag'(mVl Y mll27 ng) ’ (18)
with U = R23(023)R13(913)R12 (012) in the standard pa-
rameterization.

Consider the symmetric limit corresponding to €2, = 0.
The quasi-degeneracy m,., ~ m,,, is obtained for

B, ~my, c,,N(f)(ﬂ) .

g (19)

The atmospheric mixing is zero in this case, but when €s,,
is turned on, even a small value as given in (15) can lead to
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alarge atmospheric mixing due to the smallness of C,,. The
smallness of C), i.e. the quasi-degeneracy, does not follow
from the underlying 2-3 symmetry, but it is quite consis-
tent with it.

The expression for the atmospheric mixing angle fol-
lows from the diagonalization of the 23 block

621/-Bl/

tan 2923 = C

(20)

This gets a small correction when A, ~ O(fT@O) is turned

on.

While the small 2-3 breaking leads to a large atmo-
spheric mixing, U.3 remains small. This follows because of
the zero in (17) at the (13) entry. Using

(Myi)13=(UD, U )13=0

and the quasi-degeneracy, one finds

A
O ~ +0.03,

Ues ~ tan 33 sin 26
3 an o3 Sin 122AA

(21)
where Aq =m}, —m} and Ag =m}, —m?, . Note that
the normal and inverted neutrino mass hierarchies corres-
pond to opposite signs for Uls.

The above value for U.s would get corrected by (a)
the 12 mixing angle in the charged lepton sector, and (b)
the symmetry breaking parameter €1, which was also neg-
lected here. The correction due to the angle in (a) gives
a contribution [70] of

1
O —=6,9) ~0.05,
(ﬁ 121)

which can add or subtract to the value ~ 0.03 given above
depending upon the neutrino mass hierarchy. There may
be a relative phase between these contribution in the pres-
ence of C'P violation. As a consequence, one expects Uls
in the present scheme to be typically 0.02-0.08 if 69, ~

O \%9121 . The €1, gives a very small ~ 0(2_2611/) contri-
bution to Ues when A, ~ O(A—G).

The quasi-degeneracy is 2;71110 essential ingredient in this
approach. One would therefore expect a relatively large
value for the effective neutrino mass me. probed by the
neutrinoless double beta decay experiments. This is quan-
tified in Fig. 1. The parameters in M,,f are determined in
terms of the lightest neutrino mass mg, the solar and the
atmospheric scales and the corresponding mixing angles
using (17) and (18) after imposing (21). These are then
varied randomly in their allowed 20 ranges [71-74] to gen-
erate the values of m.. and €3,. The sum of the neutrino
masses is assumed to be < 0.9eV as required by cosmol-
ogy. One clearly sees that quite large values for m. are
possible, which can be understood from the fact that the
scenario corresponds to quasi-degeneracy with all the neu-
trinos having the same C'P property. €g, is restricted in
the range ~ 0.005-0.2 with higher mg requiring smaller 23
breaking.

The atmospheric mixing angle can be large but it is not
required to be maximal as would be the case if only M, s

0.25¢
02}
2 .
L .
=015 N
£ e :"-H
0.1 %7':‘: et
TeNIegedd vt e .
R I IR
0.05} vt e,

0.05 0.1 0.15 0.2

|€2v|
Fig. 1. Allowed ranges of the 23 breaking parameter es,
and the neutrinoless double beta decay mass mee obtained
from (16) with quasi-degenerate spectrum. The solar and the
atmospheric scales and mixing angles are randomly varied
within their allowed 20 ranges

were assumed to be p—7 symmetric. While strict maximal-
ity does not obtain, all values allowed by the present data
are possible, including values close to the maximal mixing.

3.2 23 symmetry and type-l seesaw

Let us now consider the type-I seesaw model in the pres-
ence of approximate 23 symmetry. If both mp and Mg are
exactly 23 symmetric, then M, will also be so. But the
introduction of even a small 23 breaking in mp and Mg
can result in a large breaking in M, with the result that
one can get a consistent picture without having a quasi-
degenerate spectrum as before. Let us illustrate this with
a two generation (u and 7) example, which can then be
generalized easily to the realistic case. We assume that the
Lagrangian is approximately 23 symmetric and parameter-
ize the resulting M;, Mg and mp as

myp (1—€ 1+ A
Mp = D ( 21,2D l,D) ,

2 1+XNp 1+e€y2p
MR 1 1+ Ar
e ()

myp and mg determine the third generation masses. As
before, we have made the additional assumption of symme-
try on M; and mp. The parameters €y op signify a small
pu~7 breaking. The A\;p measure the hierarchy in the
fermion masses when the terms of O(e3) are neglected.
Both A and €5 are assumed to be much less than one, but
they may be comparable to each other. My is assumed to
be pu—7 symmetric in this illustrative example. The effect-
ive neutrino mass matrix M, in the symmetry basis is given
by the seesaw mechanism by

_ m2D By(l - 621,) CV
2mR)\R(2 + )\R) Ol/ Bu(l + 621/)
(23)

M, =
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with

C, = (hp = AD)(L+AR) — 22k — 2AD AR,
B, =25+ 23 —2\r — 2)\r D,
_ 262]3()\]3 + AR+ ADAR)

egD + /\2D —2XR — 2ARAD

(24)

€2y =

The expression of €, given above shows that es, can
be O(1) or more for a large ranges in the small parame-
ters Ap, g and eop, implying that a small 23 breaking in mp
may result in a large symmetry breaking in M,,. Consider
the hierarchy

m
Ar| < le2n| ~ [Ap| ~ —2 .
ms3p

(25)

This implies |€3,| ~ 1 and hence a very large breaking of
the p—7 symmetry in the effective neutrino mass matrix
M,,. There are two important consequences of this large
breaking. Firstly, the neutrino mass hierarchy is normal
when (25) is obeyed:

- _)\R(egD +)\2D+2)\D)2 (26)
- 20€3p+2B)?*

My,

Myg

Secondly, the mixing in the neutrino mass matrix is also
suppressed:

(e2p — A3)(1+AR) — 2Xr — 2AR\D

tan 2093, ~
an 2vzs 2€2D(/\D+>\R+/\D>\R)

(27)

The mixing in the charged lepton mass matrix (22) is,
however, large when €3 < 1. As a consequence, the atmo-
spheric mixing angle remains large.

In spite of the apparent large u—r breaking in M,,, the
p— violation remains small as far as the physical observ-
ables are concerned. This is best seen by going to the flavor
basis. Assuming the exact p—7 symmetry in M, i.e. eg; =0
and hence the maximal f53;, the neutrino mass matrix in
the flavor basis assumes the following form:

2
mp

B 2mR/\R(2 + /\R)

Byp(1—eavy) Cus
x < Ollf Byf(1+€21/f) ’ (28)

Myp=

with

Cl,f = —262]3()\]) +)\R+>\R>\D) ,

B,y=DB,,

(AD —€3p)(1+ Ar) + 2Ar + 2ADAR
egD + )\2D —2AR — 2ADAR

€ f = (29)

The p—7 breaking in this mass matrix is now characterized
by €2, ¢, which, unlike €3,, is a small parameter when the
couplings obey the hierarchy as in (25). This smallness im-
plies large atmospheric mixing. The seesaw mechanism has
thus produced a nearly u—7 symmetric effective M, ; in
the flavor basis with diagonal charged lepton masses. The

masses of p and 7 are not related by the underlying sym-
metry and do not in anyway imply a large u—7 breaking at
the fundamental level. In fact, all terms in the basic La-
grangian are approximately y—7 symmetric with breaking
specified by the only parameter |eap| < 1 in the present
case.

The mechanism implemented here in the presence of
small p—7 breaking is a special case of the general analysis
of the seesaw enhancement of the leptonic mixing consid-
ered in [75-77]. The seesaw enhancement (in angle 5 in
the notation of [75-77]) occurring due to the singular na-
ture of My and the hierarchy in the Dirac masses (almost)
cancels here with the large left handed mixing in the Dirac
sector, with the result that the neutrino mass matrix M,
in the p—7 symmetric basis is characterized by a small mix-
ing. The maximal mixing through M; due to y—7 symmetry
then accounts for the atmospheric mixing angle.

The above example is fairly realistic. Its generalization
to three generations must be such that 615 remains small.
In this case, the atmospheric mixing angle can be approxi-
mately given by (28):

262]3()\]3 + AR+ )\D)\R)
(AD —€5p)(1+AR) +2Ar +2ApAR ’

(30)

tan 2923 ~

which is large when (25) is obeyed. If the third neutrino
mass remains smaller than the two masses here, then the
ratio r o of the solar to atmospheric mass is given by (26).
023 and this mass ratio together provide a constraint on the
relative values of the hierarchy parameters in (25). Specif-

ically, definex = 22 and y = i—g. There exist several values
D

AD
of the pair z,y that can reproduce 74 and sin® 260s3; e.g.,
choosing A ~ 0.22, we find

|x] ~0.748, y~—0.197, |z|~1.27, y~0.291,
|z| ~0.713, y~—0.182, |z|~1.37, y~0.33.
(31)
These reproduce the best fit values:
ram ’m”2 ~0.18; sin? 2053 ~ 0.999.
My

The above solutions x, y depend only mildly on the choice
of Ap. The other solutions correspond to x,y > 1 and
hence large p—7 breaking (ep > 1) for hierarchical Dirac
masses, i.e. A\p, 1 < 1.

The generalization of (22) to three generations can be
defined by

Xip Aip Aip
m 9 9 9
Mp= ;’D Aip 1—eyop 1+Np |,
Aip 1+MNp l4eg2p
9 XRr Ar Ar
Myg'=—"| 4r 1 —(14Ar) (32)

MR\ Ar —(1+Ar) 1

We have assumed M;p to be symmetric as before. One
could have added one more p—7 breaking parameter in
the (12) and (13) elements in Mp, which we have set to
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zero for simplicity. Likewise Mpg is also assumed to be
p~7 symmetric. The parameterization of My 1'is chosen
above in such a way that this effectively reproduces Mg
(up to a constant) in the case of two generations when
Agr < 1. In practice, Ag and Xy need not be small and can
even provide more dominant entries in My 1. We will allow
them to be arbitrary.

The effective neutrino mass matrix after the seesaw
mechanism can be parameterized as in (23):

m2 X, Ay(1-e€n) Av(1+en)
M= (4,0 ) Bill—en) G
2mg A,,(1—|-61y) C, Bu(1+621/)
(33)

The parameters defined above can be related to the ones
in (32) in a straightforward manner. A particularly inter-
esting limit corresponds to neglecting of Ap in Mp. If
the neutrino Dirac masses are to be hierarchical, then this
would be a good limit and we give our analytic results
assuming Ap = 0. We have, however, retained Ap in the
numerical results to be presented. The essential features of
the two generation example are preserved in the limit of Ap
going to zero, but one still has enough freedom to generate
the solar mixing angle and the third neutrino mass. In par-
ticular, B,, C, and €3, are given by the same expression as
n (24). The other new parameters entering (33) are given
by

X, = X3 XR,
Au = XDAR(2 +>\D) )
€D
L= . 4
“ 2+ Ap (3 )

As before we neglect pu—1 breaking in the charged lepton
masses and neglect 619;. In this limit, one can go to the
flavor basis through a rotation by /4 in the 23 plane:

M, s = Roy(m/4) M, Ry3 ,

where M, is the 3 x 3 matrix given in (33).
Diagonalization of M, s directly gives the MNS matrix.
This can be achieved through three successive rotations:

UM, U = diag.(my, , My, Musy) (36)

(35)

where

U = R23(023)R13(013) R12(012) .
The neutrino masses are approximately given by

1 X, — Ao
b= (X b de 22
M, 2( A cos2012>
C,

cos 2093 (37)

my, = B, —

The mixing angle #>3 remains approximately the same as
in (30). The others are given by

2v/2A, (caz€r, — 523)

tan 20,3 ~ ,
an 13 Xl, — ml,3
2424, v
tan 2015 ~ V24, (ca3 + saze1,) 7 (38)
X, — X2

where
Cy

M=B,+——.
2 +c032023

(39)
We have neglected contributions of O(s?;) in writing the
above equations.

These equations provide a very good approximation to
the actual masses and mixing. From (30) and (38) we have
the following.

— The atmospheric mixing angle is large when the hierar-
chy (25) is satisfied as in the case of the two generations.

— The hierarchy in the neutrino masses m,, ., need not
be strong but the m,, is still the dominant mass be-
cause of (25) and the ratio of solar to atmospheric mass
can be reproduced as in the two generation case, but
now with a wider parameter space.

— The hierarchy (25) implies |\2| < |m,,|. As a conse-
quence, one can simultaneously get a suppressed 63
and a large 612 if | X, | < |A2| ~ |242,].

With the introduction of the third generation, the al-
lowed patterns of the right handed neutrino mass matrix
have a considerable variation compared to the case of two
generations. We have explored this numerically. We have
varied all parameters in Mp and Mg randomly and ob-
tained acceptable solutions requiring that (i) the solar and
the atmospheric mixing angles and (mass)? differences re-
main within the 20 range and 613 < 0.17; (ii) the masses of
My follow the hierarchical pattern, and (iii) p—7 symmetry
breaking is mild, |eap| < 0.2. The charge lepton mass ma-
trix was assumed p—7 symmetric and 619; was neglected.
From the numerical analysis, we find the following.

— The neutrino contribution to 613 remains relatively
large, > 0.07; see specific examples in the appendix.

— co0s 26053 can take all values within the allowed range 0
0.3. Strictly maximal mixing is not possible but values
very close to it occur frequently.

— Many examples correspond to the very small symmetry
breaking |ea, | < few %.

— Unlike the two generation example, the RH neutrino
masses are not required to show strong hierarchy. Dif-
ferent mass patterns — hierarchical, pseudo-Dirac pair
or completely quasi-degenerate spectrum — are pos-
sible. We give an example of these in the appendix.

4 Realization

We now turn to a concrete realization of our basic ansatz
My given in (2). This can be derived in a straightforward
manner within the standard two double model by imposing
a 2-3 symmetry on the Yukawa couplings. One of the dou-
blets (¢1) is assumed to be invariant, while the other one
(¢2) is odd under the 2-3 symmetry. The Yukawa couplings
for a fermion f are then given by

—Ly = fr.(Iné1 + Do) fr + Hec.

The (assumed) symmetry of I 5 and the 2-3 symme-
try together lead to the matrix My. The I generates the

(40)
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parameters Ay, By and Cy in (2), and I generates €1¢,2¢
terms. The smallness of €172¢ compared to the leading

elements can be obtained by assuming the corresponding

elements of I} 5 to be similar but taking % to be small,

<0.1.

The above Yukawa terms generate all the approxi-
mately 23 symmetric Dirac mass matrices. The Mg can
come from a 23 symmetric explicit mass term in the stan-
dard model or from a coupling of fermions to a 126 field
transforming trivially under the 23 symmetry. This to-
gether with the approximate 23 symmetric mp realizes
scenario II. Realization of the first scenario requires a dom-
inant type-II contribution to the neutrino masses and
a quasi-degenerate neutrino spectrum.

5 Summary

In summary, let us recapitulate the salient features of the
scheme.

— We showed that the pu—7 symmetry can be extended
to all fermions with interesting consequences. Its im-
position in the quark sector provides an explanation of
the smallness of V,;, and V,; compared to the Cabibbo
angle. The latter can naturally be explained if an ad-
ditional symmetry D as defined in (6) is imposed.
This needs to be broken badly by the effective neu-
trino mass matrix in order to get the quasi-degenerate
spectrum.

— Our approach to the realization of the y—r symmetry
in the leptonic sector is quite different from the one
considered in the literature. Almost all the previous
works do not start with y—7 symmetry at the funda-
mental level. Either one just assumes that this sym-
metry is present in the effective neutrino mass matrix
in the flavor basis or starts with a bigger symmetry
(e.g. D4 and S3), which leads to such an effective mass
matrix. We have shown that one can obtain such an
effective mass matrix from the approximate 23 sym-
metry at the fundamental level. Breaking of the 23
symmetry is crucial in the absence of which one gets
a zero atmospheric angle. But as discussed here, one
does not need to introduce a very large breaking to
obtain almost maximal mixing and a few % break-
ing is sufficient to obtain the correct mixing pattern.
We identified two scenarios consistent with mildly bro-
ken 23 symmetry. The first one works only if the neu-
trino spectrum is quasi-degenerate. The other one fol-
lows from the conventional seesaw mechanism. We have
numerically identified various patterns of Mgr and mp
(see the appendix) that lead to almost maximal atmo-
spheric mixing in spite of very mild breaking of the 23
symmetry.

— The first scenario generally predicts a large amplitude
in neutrinoless double beta decay, a small U.3 and al-
most maximal #o3. The second scenario based on the
conventional seesaw predicts a measurable U3 and a
hierarchical neutrino spectrum.

— The p—7 symmetry has been extended to the quark sec-
tor in some of the earlier works also [30-34]. These
relied on breaking of the y—7 symmetry through a phase
in the mass matrix. Thus C'P violation was essential
to obtain phenomenological consistency. In the present
case one can obtain a correct picture even if C'P is
exact.

— The Yukawa couplings in (40) generate the flavor
changing neutral currents (FCNC). One finds that the
specific structures of the Yukawa couplings I3 > lead
to the hierarchical strengths (|Fio| < |Fi3| < |Fas))
for the FCNC current couplings Fj; between flavors
i and j to the Higgs in the case with one parameter
symmetry breaking, i.e., with e3 # 0. Rough estimates
give for the down quarks Fjo ~ %)ﬁ, Fi5 ~ %)\3 and
Fo3 ~ %)@, where A ~ 0.22 and v is the weak scale.
Because of this suppression, the FCNC do not require
an unusually large Higgs mass. A similar hierarchy in
FCNC is found in some Higgs doublets models [78—
80] and in Z couplings [81] in models with additional
quarks. Consequences of this FCNC are discussed
in [82].

— The entire scenario is compatible with grand uni-
fication and can be embedded in theories such as

SO(10).

Acknowledgements. I would like to thank A.Yu. Smirnov for im-
portant comments related to this work.

Appendix

We have identified various approximately p—r symmetric
patterns of mp and My that lead to a large atmospheric
mixing angle. The Dirac neutrino masses are always hier-
archical in these examples. One can identify basically three
different patterns for My corresponding to different types
of spectrum for My. Examples of these are given in this
appendix.

Appendix A

Many of the textures retain their approximate two gener-
ation forms and have a dominant block in the 2-3 sector.
This is exemplified by the following textures:

m —0.002 1.25 1.25
Mp=—( 125 —30.43 —30.92| ,
1.25 —30.92 —30.43
mp 0.0042 0.00064 0.00064
Mp = —10.00064 0.93 1.10 (A1)
0.00064 1.10 1.07
The resulting light neutrino mass matrix is
0.00065 0.0063 0.0068
M, =1 0.0063 0.049 —0.00043 |, (A.2)
0.0068 —0.00043 0.0052
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giving

€oDp 007,
tan2 912 ~ (.46 3
sin #13 ~ 0.13;

sin? 26,3 ~ 0.999 ,

Ao ~T74x107°eV2.  (A.3)

2
Z—ﬁ is normalized in the above equations to obtain the at-
mospheric mass scale A4 = 0.0025 eV?2.

Appendix B

Several textures display an approximate L.—L,~L, sym-
metry in the right handed sector. This is exemplified by

0.06 6.52 6.52
Mg ="% 652 010 —0.40]
2 \6.52 —0.40 0.10

0.0072 0.00003 0.00003
Mp="2 (000003 1.06 0.96 (B.1)
2 \0.00003 096  0.94

The resulting light neutrino mass matrix is

1.4 x10% 0.0066 0.0062
0.0066  0.049 0.0007 | ,
0.0062  0.0007 —0.0061

M, =

giving

€oDp —006 5
tanZ 619 ~ 0.44
sin 913 ~0.13 s

sin? 26,3 ~ 0.997 ,
Ap~9.2x107°eV2.

(B.3)
Appendix C

The third category consists of the non-hierarchical right
handed neutrino masses:

—0.00024 0.21 0.21
Mp=—( 021 022 —028],
2 021  —0.28 0.22
Mo 0.002 5.7x1076 5.7x10°6
Mp=-2|57%x10"5 1.085 0.87
2 \57x10°%  0.87 0.915
(C.1)
The resulting light neutrino mass matrix is
2.6 x10=¢ 0.0091 0.0083
M, = 00091 0049 —0.004|, (C2)
0.0083 —0.004 0.006

giving
eap ~ —0.085,
tan® 015 ~ 0.46, sin® 26053 ~ 0.988,
sinf13~0.17, Ap~80x107°eVZ. (C.3)
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